Virtual knots were first introduced by L. Kauffman, which are a generalization of classical knots and links. They lead us to the notion of virtual braids, which are closely related with welded braids of R. Fenn, R. Rimányi and C. Rourke. It is proved that any virtual knot is uniquely described as the closure of a virtual braid modulo certain basic moves. This is analogous to the Alexander and Markov theorem for classical knots and braids. A similar result is proved for welded knots and braids Mathematics Subject Classification: Primary 57M25.
Introduction
In 1996, L. Kauffman introduced the notion of a virtual knot, which is motivated by study of knots in a thickened surface and abstract Gauss codes, cf. [23, 24] . According to M. Goussarov, M. Polyak and O. Viro [16] , two classical knot diagrams represent the same knot type if and only if they represent the same virtual knot type. Thus, the notion of a virtual knot is a generalization of a classical knot in 3-space. Some properties and applications of virtual knots are found in [12, 16, 19, 20, 24, 26, 30, 31, 32, 33, 34, 35] , etc.
Using the basic moves appearing in the definition of a virtual knot, we obtain the notion of a virtual braid (cf. [24] ). It is closely related with the welded braid group W B m and the braid-permutation group BP m . R. Fenn, R. Rimányi and C. Rourke [13] defined the groups W B m and BP m and proved that they are isomorphic. There is a canonical epimorphism from the virtual braid group V B m to the welded braid group W B m , and the group V B m contains the braid group B m and the symmetric group S m as subsets in a natural way.
Braid theory plays an important role in classical knot theory. The two theories are related by Alexander's and Markov's theorems which state that every knot (or link) type is represented by the closure of a braid and such a braid presentation is unique up to conjugations and stabilizations (cf. [1, 3, 4, 5, 6, 7, 8, 9, 10, 27, 36, 37, 39, 40] ). There is a one-to-one correspondence between links and braids modulo these operations. Analogously, virtual braid theory is expected to be so in virtual knot theory. It is quite easy to prove the Alexander theorem for virtual knots; that is, every virtual link type is represented by the closure of a virtual braid. In fact, this is obvious from the relationship between virtual links and Gauss diagrams, or Gauss codes given in [16, 24] . In [25] , Kauffman asked whether there is a generalization of the Markov theorem for virtual knots. Our main result is the following, which is an answer to his question and ensures a relationship between virtual braid theory and virtual knot theory.
Theorem 3.2 Two virtual braids (or virtual braid diagrams) have equivalent closures as virtual links if and only if they are related by a finite sequence of the following moves (VM1) -(VM3) (or (VM0) -(VM3)): (VM0) a braid move (which is a move corresponding to a defining relation of the virtual braid group), (VM1) a conjugation (in the virtual braid group), (VM2) a right stabilization of positive, negative or virtual type, and its inverse operation, (VM3) a right/left virtual exchange move.
VM0-, VM1-and VM2-moves correspond to classical Markov moves. The last move (VM3-move) is an analogue of an exchange move (cf. [4, 8] ). In the category of classical braids, an exchange move is a consequence of Markov moves. However its analogy does not hold in the category of virtual braids (Proposition 3.3). Thus VM3-moves are essential. By Theorem 3.2, a left stabilization of any type (defined in § 3) is realized by VM0-, VM1-, VM2-and VM3-moves. If the left stabilization is of virtual type, then it can be realized without VM3-moves (Proposition 3.4). This is analogous to a fact that a left stabilization of positive/negative type for classical braids is realized by Markov moves. It is rather surprising that a left stabilization of positive/negative type for virtual braids is not realized by VM0-, VM1-and VM2-moves (Proposition 3.5).
Most of known virtual knot invariants, as groups, quandles, Alexander polynomials, and f-polynomials (Jones polynomials, normalized bracket polynomi-als), are considered and calculated easily via virtual braids (see [24, 34] for these invariants): Group presentations and quandle presentations are obtained from virtual braids by a method which is completely analogous to that in classical knot theory (although upper presentation and lower presentation yield different groups and quandles in general, [16, 24] ). The Burau representation is easily defined for virtual braids and it brings Alexander polynomials. The notion of Temperley-Lieb algebra is generalized to virtual ones and its basis is much simpler than the classical one, [26] . Using the virtual Temperley-Lieb algebra, one can obtain the f-polynomials via braids. Very recently, D. Silver and S. Williams [35] found a new group invariant for a virtual link (with µ components) and a (µ+1)-variable polynomial invariant derived from it. J. Sawollek [32] also found a similar invariant. Their invariants are so powerful as to distinguish the trivial knot and Kauffman's example [24, 25] of a virtual knot which cannot be distinguished by all of the above invariants. (J. S. Carter proved this fact independently by an argument in [11] ). D. Silver informed the author that their invariant in [35] was motivated by the Burau representation and it is natural to consider via virtual braids. Related topics to these invariants from a point of view of virtual braids will be discussed elsewhere.
Welded braid theory due to Fenn, Rimányi and Rourke [13] yields the notion of welded knots and links, which are also known as virtual knots and links in the weak sense ( [25, 31] The set of virtual braid diagrams of degree m (with the concatenation product) forms a monoid which is generated by σ i , σ 
Virtual braids
A virtual braid of degree m is an element of V B m . We denote it by the same symbol b as its representative (a virtual braid diagram) b unless it makes confusion.
The welded braid group W B m (defined in [13] ) is obtained from V B m by introducing additional relations
There is a canonical epimorphism V B m → W B m . In particular, we see that the subgroup of V B m generated by σ i (i = 1, . . . , m) is isomorphic to the braid group B m and the subgroup generated by τ i (i = 1, . . . , m) is isomorphic to the symmetric group S m , cf. [13] .
Braid Presentation of Virtual Knots
A virtual link diagram is a closed oriented 1-manifold K immersed in R 2 such that the singularity set V (K) consists of transverse double points each of which is assigned information of positive, negative or virtual crossing as in Figure 1 . Positive and negative crossings are also called real crossings. Virtual link diagrams are considered up to isotopy of R 2 . Virtual Reidemeister moves are the local moves illustrated in Figure 3 . Notice that the moves indicated by (b) are obtained from the moves indicated by (a) by use of RII-moves or VII-moves. Two virtual link diagrams are equivalent (as virtual links) if they are related by a finite sequence of virtual Reidemeister moves. A virtual link (or a virtual link type) is the equivalence class of a virtual link diagram, [16, 23, 24] . ′ are equivalent as virtual braids, then their closures are equivalent as virtual links. Thus in virtual knot theory the closure makes sense for a virtual braid.
Proposition 3.1 Every virtual link type is represented by the closure of a virtual braid diagram.
For virtual braids b 1 , b 2 ∈ V B m , we say that b A right stabilization of positive, negative or virtual type is a replacement of
A right virtual exchange move is a replacement and a left virtual exchange move is a replacement
where b, b ′ ∈ V B m , see Figure 6 . 
Theorem 3.2 Two virtual braids (or virtual braid diagrams) have equivalent closures as virtual links if and only if they are related by a finite sequence of the following moves (VM1) -(VM3) (or (VM0) -(VM3)): (VM0) a braid move (which is a move corresponding to a defining relation of the virtual braid group), (VM1) a conjugation (in the virtual braid group), (VM2) a right stabilization of positive, negative or virtual type, and its inverse operation, (VM3) a right/left virtual exchange move.
A replacement
where b 1 , b 2 ∈ B m , is called an exchange move, cf. [4, 8] . A VM3-move is an analogue of this move. In classical braid theory, an exchange move is a consequence of braid moves, conjugations and right stabilizations. However, in virtual braid theory, a virtual exchange move is independent of these moves. 
Braiding Process
For a virtual link diagram K, we denote by V R (K) the set of real crossings and by S(K) : V R (K) → {+1, −1} the map assigning the real crossings their signs. For a real crossing v ∈ V R (K), let N (v) be a regular neighborhood of v as in Figure 1 . We denote by
, where Cl means the closure. The restriction of K to W , denoted by K| W , is the union of some oriented arcs and loops immersed in W such that the singularities are virtual crossings of K and the boundaries of the arcs are the set V
and only if K| W has an arc starting from a and terminating at b. We denote by µ(K) the number of components of K. For example, for a virtual link diagram illustrated in Figure 7 ,
2 ), (v The Gauss data of K is the quadruple (V R (K), S(K), G(K), µ(K)). We say that two virtual link diagrams K and K ′ have the same Gauss data if
such that g preserves the signs of the crossing points and that (a,
. This condition is equivalent to that K and K ′ have the same Gauss diagram in the sense of [16] or the same Gauss code in the sense of [24] .
′ is a virtual link diagram with the same Gauss data as K. Then we can deform K ′ by an isotopy of R 2 such that
′ has no real crossings in W , and (3) there is a one-to-one correspondence between the arcs/loops of K| W and those of K ′ | W with respect to the end points of the arcs.
In this situation, we say that K ′ is obtained from K by replacing K| W . 1 if a 1 is an arc) . Taking the homotopy generically with respect to the arcs/loops a 2 , . . . , a s and the 2-disks N 1 , . . . , N n , we see that the arc/loop a 1 is transformed into a 
is an orientation preserving covering map of degree m (where ∐S 1 is the disjoint union of µ(K) circles), and
By cutting K along the half-line π −1 (θ) for a regular value θ, we obtain a virtual braid diagram whose closure is K. Such a virtual braid is unique up to conjugation.
Braiding Process (Proof of Proposition 3.1). Let K be a virtual link diagram and let N 1 , . . . , N n be regular neighborhoods of the real crossings of K. By an isotopy of R 2 , we may assume that all N i (i = 1, . . . , n) are in R 2 −O, π(N i ) ∩ π(N j ) = ∅ for i = j and the restriction of K to N i satisfies the condition of a braided virtual link diagram. Replace the remainder K| W (K) arbitrarily such that the result is a braided virtual link diagram. By Lemma 4.1, K is equivalent to this diagram.
Proof of Theorem 3.2 and Proposition 3.4
The terminologies "braid moves", "right stabilizations" and "right/left virtual exchange moves" are also used for braided virtual link diagrams. (Conjugations are just braid moves.) These moves and their inverse moves are also called VM0-, VM2-and VM3-moves. For example, the moves illustrated in Figure 9 are right stabilizations (VM2-moves) for braided virtual link diagrams. If two braided virtual link diagrams are related by a finite sequence of VM0-and VM2-moves, then we say that they are virtually Markov equivalent in the strict sense. If they are related by a finite sequence of VM0-, VM2-and VM3-moves, then we say that they are virtually Markov equivalent. Proof. Let N 1 , . . . , N n be regular neighborhoods of the real crossings of K (and K ′ ) and
Assume that there exists an arc/loop a i of K| W and the corresponding one a
Move a small part of a i or a ′ i toward the origin by a series of VM0-moves corresponding to τ 2 i = 1 and apply some VM2-moves of virtual type so that ♯( Applying this procedure inductively, we see that K is transformed into K ′ by VM0-moves. 2
Applying the above argument, we obtain Proposition 3.4. Figure 10 , we show a process that b ∈ V B m is transformed into ι Since the braiding process (given in § 4) does not change the Gauss data of a virtual link diagram, we have the following. Figure 12 . (For RI-moves and VI-moves, there are other cases of orientations of the arcs. These cases are obtained from the moves in the figure by RII-and VII-moves. This is called the Whitney trick . For RIII-, VIII-and MI-moves, there are other cases of orientations on the arcs. These cases are also obtained from the moves in the figure by RII-and VII-moves.) By use of VII-moves, an RIIc-move and an RIId-move are obtained from an Xa-move and an Xb-move in Figure 13 , respectively. Therefore, there is a finite sequence of virtual link diagrams
Proof of Proposition 3.4. In
by an RIa-, RIb-, VI-, RIIa-, RIIb-, Xa-, Xb-, VIIa-, VIIb-, VIIc-, RIII-, VIII-or MI-move. Apply the braiding process to each K i and let K i be a braided virtual link diagram with the same Gauss data as K i . Note that K i is uniquely determined up to virtual Markov equivalence in the strict sense (Lemma 5.2). We assume
Xa Xb
Then it is sufficient to prove that for each i (i = 1, . . . , s), K i and K i−1 are virtually Markov equivalent.
If K i is obtained from K i−1 by a VI-, VIIa-, VIIb-, VIIc-, VIII-or MI-move, then K i and K i−1 have the same Gauss data and so do K i and K i−1 . By Lemma 5.2, K i and K i−1 are virtually Markov equivalent.
Suppose that K i is obtained from K i−1 by an RIa-, RIb-, RIIa-, RIIb-, Xa-, Xb-, or RIII-move. Let ∆ be a 2-disk in R 2 where the move is applied, and let ∆ c be the complement of ∆ in R 2 so that
If the move is not an Xb-move, then we can deform K i and K i−1 by an isotopy of R 2 such that K i ∩ ∆ and K i−1 ∩ ∆ satisfy the condition of a braided virtual link diagram. Apply the braiding process to the remainder
c , and we have braided virtual link diagrams, say 
Proof of Propositions 3.3 and 3.5
We fix a positive integer N and an integer α. Let K be a virtual link diagram and let N 1 , . . . , N n be regular neighborhoods of the real crossings of K. Let For an admissible state S of K, let K S be the virtual link diagram obtained from K by changing the crossing points of K as in Figure 16 . Then each component, say c, of K S inherits a unique element of {1, 2, . . . , N } from the state S, which we denote by S(c). Let
where c runs over all components of K S .
We denote by w(K) the number of positive crossings minus the number of negative crossings of K. For a virtual link diagram K, we define Q N,α (K) by
where S runs over all admissible states of K. 
Proof. By a standard argument of state models (cf. [17, 18, 21, 22, 38] ), it is directly checked that Q N,α does not change under each move. Details are left to the reader. 2
Remark. The function Q N,α is a modification of the state model of the braid invariant T S (b) given by V. Turaev [38] . G(K, S) and H(K, S) correspond to (f ) and D f in [38] . We changed D f into H(K, S) so that the function does not change under a VI-move in Figure 12 . This yields loss of invariability under RIIc-, RIId-moves, that helps us to prove Propositions 3.3 and 3.5.
Proof of Proposition 3.3. Let b
They are related by a right virtual exchange move. By a direct calculation, we have Q 2,0 (b 1 ) = 0 and Q 2,0 (b 2 ) = q −3 − q −1 − q + q 3 . Therefore, a right virtual exchange move is not a consequence of VM0-, VM1-and VM2-moves. Let
Therefore, a left virtual exchange move is not a consequence of VM0-, VM1-and VM2-moves. 2
Proof of Proposition 3.5. By a direct calculation, we have Q 2,0 (τ 1 σ
. Therefore, we have the result. 2
Welded Knots and Their Braid Presentation
In this section a virtual link diagram is referred to as a welded link diagram. We call the local move illustrated in the left hand side of Figure Proof. If it is of virtual type, then it follows from Proposition 3.4. If it is of positive/negative type, then replace the virtual crossings of (2) in Figure 10 with real crossings so that the step (4) → (5) Proof. A right virtual exchange move is realized by WM0-, WM1-and WM2-moves as follows: Proof of Theorem 7.2. The if part is obvious. We prove the only if part. Let K and K ′ be braided welded link diagrams which are equivalent as welded links. There is a finite sequence of welded link diagrams K = K 0 , K 1 , . . . , K s = K ′ such that each K i is obtained from K i−1 by an RIa-, RIb-, VI-, RIIa-, RIIb-, Xa-, Xb-, VIIa-, VIIb-, VIIc-, RIII-, VIII-, MI-or W-move (in Figures 12,  13 and 17) . Apply the braiding process to each K i and let K i be a braided welded link diagram with the same Gauss data as K i . By Lemma 5.2 (and Lemma 7.4), K i is uniquely determined up to welded Markov equivalence. We assume that K 0 = K 0 = K and K s = K s = K ′ . It is sufficient to prove that for each i (i = 1, . . . , s), K i and K i−1 are welded Markov equivalent. In the proof of Theorem 3.2, we have already seen that K i and K i−1 are welded Markov equivalent, except the case that K i is obtained from K i−1 by a W-move. Suppose that K i is obtained from K i−1 by a W-move. Let ∆ be a 2-disk in R 2 where the W-move is applied, and let ∆ c be the complement of ∆ so that K i ∩∆ c = K i−1 ∩∆ c . Deform K i and K i−1 by an isotopy of R 2 such that K i ∩∆ and K i−1 ∩ ∆ satisfy the condition of a braided virtual (welded) link diagram. Apply the braiding process to the remainder K i ∩ ∆ c = K i−1 ∩ ∆ c , and we have braided welded link diagrams, say K Remark. (1) S. Satoh [31] showed that welded links are related with ribbon surfaces in 4-space whose components are tori. From the point of view of [31] , welded braids are related with the motion group of a trivial link in 3-space (cf. [14, 15, 28] ).
(2) When we use a move illustrated in Figure 18 , called a W * -move, instead of a W-move, we have another notion which is similar to a welded link. i τ i+1 (i = 1, . . . , m − 2), instead of τ i σ i+1 σ i = σ i+1 σ i τ i+1 . Then we have results similar to those in this section. It should be noticed that we cannot use both of W-moves and W * -moves simultaneously. If we use both moves, every virtual (or welded) knot diagram changes into the unknot, [16, 20, 30] . W * W * Figure 18 : W * -move
